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A simple dynamical model of an induction motor is derived and analyzed in this paper based on engineering principles that
describe the mechanical phenomena together with the electrical model. The used state space model consists of nonlinear
state equations. The model has been verified under the usual controlled operating conditions when the speed is controlled.
The effect of load on the controlled induction motor has been analyzed by simulation. The sensitivity analysis of the
induction motor has been applied to determine the model parameters to be estimated.
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Introduction

Induction motors (IM) are the most commonly used elec-
trical rotating machines in several industrial applications.
Irrespective of size and the application area, these motors
share the most important dynamical properties, and their
dynamical models have a similar structure.

Because of the specialties and great practical impor-
tance of IMs in industrial applications, their modelling
for control purposes is well investigated in the literature.
Besides basic textbooks [1-3], there are several papers
that describe the modelling and use the developed mod-
els for the design of different types of controllers: vec-
tor control [1, 4], sensorless vector control [5] and direct
torque control (DTC) [6]. The aim of this paper is to build
a simple dynamical model of the IM and to perform its
parameter sensitivity analysis. The results of this analy-
sis will be the basis of the next step since the final aim
of our study is to estimate the parameters of the IM and
design a controller that can control the speed and torque
of the IM. The state space model has been implemented
in the Matlab/Simulink environment which enables us to
analyze the parametric sensitivity based on simulation ex-
periments.

Nonlinear Model of an Induction Motor

In this section a state space model of an induction mo-
tor (IM) is presented. The model development is largely
based on Refs.[1, 8-10]. For constructing the IM model,
the following modelling assumptions are made:
1. a symmetrical triphase stator winding system is as-
sumed,

2. the flux density is radial in the air gap,

3. the copper loss and the slots in the machine can be
neglected,

4. the spatial distribution of the stator fluxes and aper-
tures wave are considered to be sinusoidal,

5. stator and rotor permeability are assumed to be infi-
nite with linear magnetic properties.

According to the above modelling conditions the
mathematical description of the IM is developed through
the space-vector theory. If the voltage of the stator is pre-
sumed to be the input excitation of the machine, then the
spatial distribution along the stator of the x phase volt-
age can be described by the complex vector vg(t). We
can determine the orientation of the voltage vector vg, the
direction of the respective phase axis and the voltage po-
larity.

is(t) = ;(ao-isa(t)+a1 “igh(t) + @ - iso(t))

= V2uie(t) - eortETO o))

where a is the €/129” vector and 4g,, i, and is. are the
following:

isa(t) = Re(a® - is(t)) = Re(is(t)),
ish(t) = Re(a? - ig(t)), and
ise(t) = Re(a' - ig(t)).

In Eq.(1), 2/3 is the normalizing factor. The flux den-
sity distribution can be obtained by integrating the cur-
rent density wave along the cylinder of the stator. The
flux linkage wave is a system variable, because it con-
tains detailed information about the winding geometry.
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Figure 1: The equivalent circuit of the IM

The rotating flux density wave induces voltages in the in-
dividual stator windings. Thus stator voltage vs(t) can be
represented as the overall distributed voltages in all phase
windings:

vs(t) = ; (a® vea(t) + a* - vsp(t) + a* - vse(t))
= V2-u(t) - ot ERe 2)
where a is the e7120° vector and is,, g, and ig. are the
following:
vsa(t) = Re(a® - ug(t)) = Re(us(t)),
Ve (t) = Re(a® - us(t)),and
Vee(t) = Re(a' - us(t)).

Considering the stator of the IM as the primer side of the
transformer, then using Kirchoff’s voltage law the follow-
ing equation can be written (Fig.I):

ds(t)
dt -
As for the secondary side of the transformer, it can be

deduced that the same relationship is true for the rotor
side space vectors:

vs(t) = is(t) - Ry + 3)

do,(t)
dt

Egs.(3) and (4) describe the electromagnetic interaction
as the connection of first order dynamical subsystems:

Gu(t) = is(t) - Lo+ ix(t) - Lmyand  (5)
d)r(t) = is(t) L + Z‘r(t) “ Ly. (6)

Since four complex variables (is(t) , i:(t) , ¢s(t) , and
¢:(t)) are presented in Egs.(5) and (6), flux equations are
needed to complete the relationship between them.

The mechanical power (Ppech(t)) of the IM can be

defined as: - 0
mech
Pmec t) = 5 7
n(t) i (7

where the mechanical energy (Ppecn(t)) in the rotating
system can be given by the following expression:

Wineen (t
Pmech(t) - Tth() = Tmech(t) * Wr, (8)

v(t) = in(t) - Ry + —0. &)

where T,(t) is the torque and w, is the angular velocity
of the IM. Afterwards the energy balance of the IM is as
follows:

We = Wmech + WR + WFieldv (9)

Figure 3: The equivalent circuit of the g-axis of the IM

where
P, We(t) _ §Re( is + Uy - iy) (10)
e a2 Us * 1s rlr
is the input electrical power,
Wr(t 3
Pp = Welt) _ 3p, (Rs - lis|* + Re - [ir[?) (1)
dt 2
represents the resistive power losses and
Wricla(t) d¢>s . d¢r :
Prica = ——— =3 i 12
Field 7 R g st gt (12)

is the air gap power. Using Egs.(8-12),

Ly,
Pmech (t) = Tmech(t) cWr = 2 (,ng( ) X is(t)v and
(13)
T = 1.5p- (¢dsiqs - ¢qsids)~ (14)

The equivalent circuit of the IM can be decomposed to di-
rect axis and quadratic axis components by Park’s trans-
formation as shown in Figs.2 and 3.

The actual terminal voltage v of the windings can be
written in the form

J

(%)

where 4; are the currents, I?; are the winding resistances,
and ¢; are the flux linkages. The positive directions of
the stator currents point out of the IM terminals.

By composing the d and q axes of the IM the follow-
ing equations can be written:

15)

Vgs = R 'iQS d()qu + w - Pus, (16)
. ¢ds
Vds = Rs s Uds dt —w- ¢qsy (17)
(b/
=R i\ + d‘? + (W —wy) - @y, and  (18)
ol gbélr /
R+ (w—w) g (19)

dt
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Figure 4: Response to the step change of the
speed-controlled IM

dwm 1
mo - -T
dt ~ 2H mech)
where w is the reference frame angular velocity, w; is the
electrical angular velocity,

(T — F - wp (20)

¢qs = Ls : Z.qs + Lmigra (21)
¢ds = Ls : Z‘ds + Lmi:jra (22)
Gqr = Ly - igy + Liniq, and (23)
Gar = Ly - il + Linil. (24)

The above model can be written in state space form by ex-
pressing the time derivative of the fluxes and w from the
voltage and swing equations Egs.(21-24). The nonlinear
state space model of the IM is given by Egs.(25-29):

d¢qs Rs -L m /

= 72~ Pas 2 . ¢qr
dt Ls - Tzn L;(Lb - ﬁ)
- w (bds + Vs, (25)
dog -R Ry - Ly,
dts - i‘tzn FPas + ’ ) 2y d)iir
Lo— % Li(Le — 52
- w qbqs + Vds, (26)
d%r = = “Pq
L.-L. s
dat Lo =70
R L,
+ . o Lo~ (b/r
L =

- W (b::lr + wr - ¢:ir + Uqgr (27)
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doy, —R;
dt T Li-Ls " Pas
m L
—R - L
+ L 7 : (rb/ T
Lm . (Lm - Lzrfg) ¢
+ W g —wr - Gy + var,and  (28)
dw, 1 1.5-p- Ly ,
dt - 20 Lm.([@f%) (bdr ¢QS
1 1.5-p- Ly, ,
- o g b
2H L., - (Ls . Lff/“) q
F T,
- — w - = 29
°oH “" T 2H 29
The state vector of the above model is
x=[pqs, Pds, Pipr P we]’ € RP, and the input

variables are organized in terms of the the input vector
u=[vq, vd, —Tmecn]’ € R3. It is assumed that all the
state variables can be measured i.e. y = x.

Model Validation

The dynamical properties of the IM have been investi-
gated. The response of the speed-controlled motor has
been tested under step-like changes. The simulation re-
sults are shown in Fig.4, where the fluxes (¢qs , ¢ds, @
and ¢/, ) and the angular velocity (w) are shown.

/
qr?

Model Analysis

The above model Egs.(21-24) has been verified by simu-
lation against engineering intuition.

Local Stability Analysis

As the final aim of our research is to estimate the param-
eters of a particular Grundfos IM, first of all the resis-
tances (R and R,) of the IM were measured. Afterwards
the values of the inductances (L5, L;; and L,,) and the
mechanical parameters (H and F') of a similar IM with
similar Rs and R, found in the literature have been used.
The parameters used during the model and the sensitivity
analyses are the following:

R, = 0.196 Ohm

R, = 0.0191 Ohm

L, = 00397 H

L, = 00397 H

Ln = 1354 H

H = 0.095

F = 0.0548

p = 1 (30)
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Figure 5: The model state variables for a +50% change
of L,

It can easily be seen that the IM model is nonlinear since
there are products of two state variables in the following
equations:

Eq.(27): ¢, is multiplied by w,

Eq.(28): ¢y, is multiplied by w,

Eq.(29): ¢}, is multiplied by ¢qs

Eq.(29): ¢y, is multiplied by ¢/

For the local stability analysis we have to calculate the
eigenvalues of the system. The examined equilibrium
point is

bgs = —0.744 Vs
das = 1.0287 Vs
¢, = —0.174 Vs 31)
¢y, = —0.087 Vs
wy = 48477 7!

The numerical value of the Jacobian of the nonlin-
ear model (i.e. the state matrix of the locally linearized
model) is as follows:

—-2.504 =50  2.4328 0 0
50 —2.504 0 2.4328 0
0.2370 0 —0.244 —1.522 0
0 0.2370 1.5222 —0.244 0
—8.617 17.077 0 0 —0.288
(32)

The eigenvalues of the state matrix of the linearized sys-
tems are:

Ao = —2504 + j49.98,
Asq = —0243 + jl534,and  (33)
Xs = —0.288
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Figure 6: The model state variables for a +50% change
in Ry

It is apparent that the real parts of the eigenvalues are
negative with small magnitudes.

Parameter Sensitivity Analysis

the sensitivity of the nonlinear model to the mutual induc-
tance has been investigated. The steady state value of the
system variables does not change (as is apparent in Fig.5)
even for a considerably large change in L,,. Sensitivity
analysis of the inductances L, L5 of the stator and ro-
tor, resistances of the stator Ry and the damping constant
F has also been investigated. In this investigation it can
be seen that the values of the state variables were changed
a bit, as shown in Fig.6.

The analysis of the resistances of the rotor R and the
inertia H of the rotor showed that every value of the state
variables changed significantly, as shown in Fig.7.

As a final result of the sensitivity analysis, we can de-
fine the following groups of parameters:

e Not sensitive: Mutual inductance L,,. Since the state
space model of interest is insensitive in this respect,
the values of this parameter cannot be reliably deter-
mined from measurement data using any parameter
estimation method.

o Sensitive: These sensitive parameters are candidates
for parameter estimation.

— Less: inductances L, and Ly, resistance of the
stator Rs and the damping constant F'.

— More: resistances of the rotor R, and the iner-
tia H of the rotor.

e Critically sensitive: none.
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Figure 7: The model state variables for a +50% change
in H

Conclusion

The simple nonlinear dynamical model of an IM has been
investigated in this paper. It has been shown that the
model is locally asymptotically stable with regards to a
physically meaningful equilibrium state. The effect of the
controlled generator has been analyzed by simulation us-
ing a traditional PI controller. It has been found that the
controlled system is stable and can follow the set-point
changes. Seven parameters of the model were selected for
sensitivity analysis, and the sensitivity of the state vari-
ables has been investigated. As a result, the parameters
were partitioned into three groups. Based on the results
presented here, a future aim is to estimate the parameters
of the model for a real system from measurements. The
sensitivity analysis enables us to select the candidates for
estimation that are inductances L. and L, resistances
R and R,, the damping constant F' and the inertia H.
An additional future aim is to develop a model for con-
trol purposes and investigate different controllers before
applying them on real systems.
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SYMBOLS
Cy,Cy,C3  constant
F damping constant

¢qs and (bds
/ /
qr and ¢/,

H inertia constant

q and d components of the stator flux

1qs and ige q and d components of the stator current

iy and iy, ¢ and d components of the reduced rotor current
Ly mutual inductance

D number of pole pairs

R, and L, rotor resistance and inductance

Rl and L. reduced value of rotor resistance and inductance
R and Lg stator resistance and inductance

vgq and vq q and d components of the stator voltage

w angular velocity of the magnetic field

Wy angular velocity of the rotor

Trnech mechanical torque

REFERENCES

[1] VAs P.: Artifical-intelligence-Based Electrical Ma-
chines and Drives, Oxford University Press, 1999

[2] VAs P.: Sensorless Vector and Direct Torque Con-
trol. Oxford University Press, 1998.

[3] ZHENG L., FLETCHER J.E., WILLIAMS B.W. HE
X.: Dual-Plane Vector Control of a Five-Phase In-
duction Machine for an Improved Flux Pattern,
IEEE Transac. Ind. Elec., 2008, 55(5), 1996-2005

[4] LEVIE.: Impact of Iron Loss on Behavior of Vector
Controlled Induction Machines, IEEE Transac. Ind.
Appl., 1995, 31(6), 1287-1296

[5] HASEGAWA M., MATSUI K.: Robust Adaptive
Full-Order Observer Design with Novel Adaptive
Scheme for Speed Sensorless Vector Controlled In-
duction Motors, Proc. 28th Annual Conf. Industrial
Electronics Society, IEEE 2002, 2002, 1, 83-88

[6] GEYER T., PAPAFOTIOU G., MORARI M.: Model
Predictive Direct Torque Control-Part I: Concept,
Algorithm, and Analysis, IEEE Transac. Ind. Elec.,
2009, 56(6), 1894-1905

[71 KRAUSE P.C., WASYNCZUK O., SUDHOFF S.D.:
Analysis of Electric Machinery, IEEE Press, New
York, 1995

[8] MOHAN N., UNDELAND T.M., ROBBINS W.P.:
Power Electronics: Converters, Applications, and
Design, John Wiley & Sons Inc., New York, 1995

[9] HATOS P., FODOR, A., MAGYAR A.: Parameter
sensitivity analysis of an induction motor, Hung. J.
Ind. Chem., 2011, 39(1), 157-161

q and d components of the reduced rotor flux



