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Random variables
Scalar-valued random variables

The random variable & has a normal or Gaussian distribution, in notation
¢ ~ N(m,o?) (1)
if its probability density function (p.d.f.) f

1 _ (x=m)?
fe(x) = e 272 (2)

2o

where m is its mean value and &2 is its variance.

The mean value and variance of the random variable £ with its p.d.f. f

E{e) = / *(x)dx | o?{E} = / (x — E{€})2f(x)dx
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Random variables = Vector-valued random variables

Covariance

The covariance of two scalar-valued random variables & és 0

COV{E, 0} = E{(§ — E{¢})(0 — E{0})}

The variance of a scalar-valued random variable £ is the covariance of £
with itself:

o?{€} = COV{¢, &} = E{(¢ — E{£})*}

Correlation (normed covariance):

E{(€ - E{£})(0 — E{6})}

P8 03 = (€100}
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Random variables = Vector-valued random variables

Vector-valued random variables

Given a vector valued random variable ¢

€ {(w), weQ, ¢&w)eR

lts mean value m € R* is a real vector.

Its variance COV{{} is a square real matrix, the covariance matrix:

COV{¢} = E{(¢ — E{&})(¢— E{¢D)T}

Covariance matrices are positive definite symmetric matrices:

zTCoOV{e}z>0 , VYzeRH
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Random variables = Vector-valued random variables

Joint probability density functions

The joint probability density function f(xi, ..., x,) of the scalar-valued
random variables &1, ..., &, is an n-variable non-negative function such that

Pla; < x1 < b1, ..., an < xp, < by] = /bl .../bn f(x1, .y Xn)dxy...dxp
a1 an
Two dimensional special case
fer 62 (X1, %2)
Independence (in the two dimensional case)

fer 60 (X1, x2) = fey (x1) - fe, (x2)
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Random variables = Vector-valued Gaussian random variables

Multi-dimensional Gaussian distribution

A vector-valued random variable ¢ has a normal or Gaussian
distribution with mean value m and covariance matrix

§ ~ N(m7 Z)

if its elements &;,7/ = 1, ..., u are all normally distributed scalar-valued
random variables.

The probability density function of a vector-valued Gaussian random

variable: with R being a determinant composed from the correlation

coefficients pj;

1 (S )

= Vamor..onvVR

F(xa, ooy Xp)
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Random variables = Vector-valued Gaussian random variables

Two dimensional Gaussian distribution

Probability density function:

_ Ca=m1)? , Ga—my)lo—ma) , (xp—m3)?
1 2(1—r2) ( o2 2 o102 + o3

- .
2wo102V1 — r?

fxa,x2) =
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Random variables = Vector-valued Gaussian random variables

Linearly transformed random variables

Let us transform the vector-valued random variable {(w) € R" using the
non-singular square transformation matrix T € R"*":

n=7T¢
The properties of the vector-valued random variable 7:

E{n} = TE{¢} , COV{n}=TCOV{{}T"

If the random variable £ has a Gaussian distribution N(m¢, A¢) with mean
value m¢ and covariance matrix A¢, then the transformed random variable
n will also be Gaussian N(m,, AA,)), where

m,=Tme , A,=TATT

K. Hangos (University of Pannonia) CcCs March 2017 9/ 28



Discrete time stochastic processes
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Discrete time stochastic processes  Stochastic processes

Stochastic processes — 1

Stochastic processes are used for describing random disturbances in
systems and control theory.

Stochastic process
family of random variables x(.,.) where

x: TxQ—=>RP

The set T is called time.
@ continuous time process: T C R

o discrete time process: T C N
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Discrete time stochastic processes  Stochastic processes

Stochastic processes — 2

@ Realization
the (deterministic) function x(.,wp) with wp being fixed

o Fixed-time value
x(tp,.) with tp is being fixed is a random variable

@ Notation
x(t,.) = x(t) for the random variable generated from the stochastic
process x by fixing the time at t
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Discrete time stochastic processes Distribution functions

Distribution functions

A stochastic process can be specified by describing all of its finite
dimensional distribution functions

Definition

A finite dimensional distribution function of a stochastic process is defined
by the formulae

F(Cla "'7(!1; tlu oocg tn) = P{X(tl) S C17 ---)X(tn) S Cl‘l}

Gaussian or normal process all finite dimensional distribution functions of
the process are Gaussian.
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Discrete time stochastic processes Mean value and covariance

Mean value and covariance

Definition (mean value function)

The mean-value function of the stochastic process x is as follows

m(t) = Bx(t) = [ CdF(C.1)
Note that m,(t) is an ordinary (deterministic) function of time t. J

Definition (covariance function)

The (auto)covariance function of the stochastic process x is defined as

r(s, ) = cov [x(s), x(£)] = E{ [x(s) — m(s)][x() — m(2)]" }

The covariance function is a deterministic two-variate function. )
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Discrete time stochastic processes Stationary stochastic processes

Stationary stochastic processes

Definition (stationary stochastic process)

A stochastic process x is termed stationary if all of its finite dimensional
distribution functions on x(t1), ..., x(t,) are identical to that on

x(t1 +7), ..., x(tn + 1) for all 7.
The process is termed weakly stationary if the two first moments of the

distribution functions are the same for all 7, i.e.

m(t) = const , ru(s,t) = rw(t —s)
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Discrete time stochastic processes ~ White noise processes

White noise processes

Definition (discrete time white noise, e)

A stochastic process e = {e(#)}2__ is a discrete time white noise process
if it is a sequence of identically distributed, independent random variables.

Properties )

e stationary process (usually m(t) = 0 is assumed)
@ the covariance function in real-valued case is
2
o t=0
ree(t) = cov [e(S), e(s - t)] - { 0 t=41,42, ...

@ A white noise process is not necessarily a Gaussian process.
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Discrete time stochastic processes ~ White noise processes

MA processes

Definition (moving average process (MA process))

Let e={e(k), k=..,—-1,0,1,2,...} be a white noise process with
variance 2. Then the related process y = {y(t)}32___ which fulfils

—00

y(k) = e(k) + bie(k — 1) + ... + bye(k — n) = B*(q })e(k)

is termed a MA process.

Mean value and auto-covariance function of a MA process

my(t) =0, ry,(0) = o?(1+bZ+...4+b2), 1,y (1) = 02(b1+b1b2+...+b,,,1b,,))
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Discrete time stochastic processes White noise processes

AR and ARMAX processes

Definition (autoregressive process (AR process))

With the white noise process e = {e(t)}32_., above an AR process is
defined as follows

y(k)+aty(k — 1)+ ...+ any(k — n) = A*(q7")y(k) = e(k)

Definition (ARMAX process)

An autoregressive-moving average process with an exogeneous signal
(ARMAX process) is a linear combination an AR and MA process extended

with an exogeneous signal v = {u(t)}2_:
A (g V) (K) = B*(q~)u(k) + C*(gY)e(k)

with A* (g7 =1+ a1gt +a,q7", B*(¢g7%) = bg + big~ ! + bmg™ ™,
C*(qfl) =1+caq'+c,qg "and m<n.

v
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Discrete time stochastic processes General representation theorem

General representation theorem

Theorem

Every stationary discrete time stochastic process x = {x(k)}°%, with finite
1st and 2nd momenta can be represented in ARMA form as

A*(qM)x(K) = B*(q~V)e(k)

where {e(k)}>° is a white noise process (not necessarily Gaussian!) and
A*(z) is a stable, B*(z) is a stable or not unstable polynomial.

Interpretation:  Every stationary discrete time stochastic process

{x(k)}>°,, can be viewed as the output of a stable discrete time LTI system

with pulse transfer operator H(z) = f‘: g; and with white noise input.
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Preliminary notions from DT systems
Overview

© Preliminary notions from DT systems
@ DT-LTI state-space models
@ DT-LTI SISO 1/O system models
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Preliminary notions from DT systems = DT-LTI state-space models

DT-LTI state-space models

x(k +1) = dx(k) + Tu(k) (state equation)
y(k) = Cx(k) + Du(k) (output equation)

with given initial condition x(0) and
x(k) e R" | y(k) e RP | u(k) e R
being vectors of finite dimensional spaces and
SeR™" , TeR™ , CeRP", DeRP*

being matrices
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Preliminary notions from DT systems  DT-LTI SISO 1/O system models

DT-LTI SISO 1/0 system models

Discrete difference equation models: for SISO systems
o Forward difference form

y(k+na)+aiy(k+ns—1)+...+an,y(k) = bou(k+np)+ ...+ bn,u(k)

with n, > np (proper).
o Compact form

Ala)y(k) = B(q)u(k) ,
A(Q)=q™ +a1qg™ 1+ ...+ a,, , B(q) = boq™ + b1g™ 1 + ... + by,

@ Backward difference form
y(k)+ary(k—1)+...4an,y(k—n,) = bou(k—d)+...4+bp, u(k—d—np)

where d = ny — np > 0 is the pole excess (time delay).
e Compact form

A* (g Ny(k) = B* (g Nu(k —d) , Alq)=q"A(q"")
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Discrete time LTI stochastic system models
Overview

@ Discrete time LTI stochastic system models
@ DT-LTI stochastic SISO 1/0O model
@ DT-LTI stochastic state-space model
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Discrete time LTI stochastic system models =~ DT-LTI stochastic SISO 1/O model

DT-LTI stochastic SISO |/O model

Definition (discrete time stochastic LTI input-output model)

The general form of the input-output model of discrete time stochastic LTI
SISO systems is the following canonical ARMAX process:

A(q)y(k) = B(q)u(k) + C(q)e(k) (3)
with the polynomials

Al@Q)=q"+a1q" ' +..+a, , Cl@)=q"+aqd" ' +..+c
B(q) = bog™ + b1g™ * + ... + bp

where C(q) is assumed to be a stable polynomial.
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Discrete time LTI stochastic system models DT-LTI stochastic state-space model

DT-LTI stochastic state-space model

x(k 4+ 1) = &x(k) + Fu(k) + v(k)
y(k) = Cx(k) + e(k)

S eR™" T eR™ , CecRP"

and with independent discrete time zero mean Gaussian white noise
processes {v(k)}5° and {e(k)}&°

Elv(kvI (k)] =Ry , E[v(k)vT()] =0,V k#j
E[v(k)eT()] =0 , Vk,j
Ele(k)e" (k)] =R , Ele(k)e"(j)] =0,V k #j

Initial conditions

Parameters:
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Discrete time LTI stochastic system models =~ DT-LTI stochastic state-space model

DT-LTI stochastic difference equations

Definition (linear stochastic difference equation)

is in the form
x(k 4+ 1) = &x(k) + v(k)

where {v(k)}5° is a discrete time white noise process and v(k) is
independent of x(k).

The solution of the equation above is a stochastic process {x(k)}g° itself. ]

K. Hangos (University of Pannonia) CcCs March 2017 26 / 28



Discrete time LTI stochastic system models =~ DT-LTI stochastic state-space model

Solution of the state equation

x(k +1) = dx(k) + v(k) J

e Mean value function m(k is the solution of
m(k+1)=om(k) , m(0)=mo
e Covariance function:
P(k) = covlx(k), x(k)] = E{x(k)X"(k)} . (k)= x(k) — m(k)

X(k +1)xT(k +1) = [dx(k) + v(K)][®x(k) + v(k)]T =
= Ox(K)xT(K)®T + ox(k)vT (k) + v(k)XT(k)®T + v(k)vT (k)

P(k+1)=®P(k)d" + R , P(0)= Ro
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Discrete time LTI stochastic system models =~ DT-LTI stochastic state-space model

The output process

We associate the output stochastic process {y(k)}§° to the solution of the
linear stochastic difference equation (the state equation) by the equation

y(k) = Cx(k)

where C is a constant matrix then

my(k) = Cm(k) , r, = CP(k)CT
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